Reflexivity of Banach $C(K)$-modules via the reflexivity of Banach
  lattices by Kitover, Arkady & Orhon, Mehmet
ar
X
iv
:1
30
5.
60
60
v2
  [
ma
th.
FA
]  
12
 Se
p 2
01
3
REFLEXIVITY OF BANACH C(K)-MODULES VIA THE
REFLEXIVITY OF BANACH LATTICES
ARKADY KITOVER AND MEHMET ORHON
Abstract. We extend the well known criteria of reflexivity of Banach lattices
due to Lozanovsky and Lotz to the class of finitely generated Banach C(K)-
modules. Namely we prove that a finitely generated Banach C(K)-module is
reflexive if and only if it does not contain any subspace isomorphic to either
l1 or c0.
1. Introduction
Suppose K is a compact Hausdorff space and C(K) is the algebra of complex (or
real) valued functions onK with the supremum norm. LetX be a Banach space and
let L(X) denote the algebra of all bounded linear operators on X with the operator
norm. Let m : C(K)→ L(X) be a contractive and unital algebra homomorphism.
To assume that m is contractive is not a loss of generality. When m is bounded,
we can make m contractive by passing to an equivalent norm on X [20, V.3.3, p.
361]. In general the kernel of m is a closed ideal of C(K). Therefore, by reducing
to the quotient C(K)/Ker(m), we may assume that m is one-to-one. Then we
will regard X as a Banach C(K)-module with ax = m(a)(x) for all a ∈ C(K) and
x ∈ X. When x ∈ X, we denote by X(x) := cl(C(K)x) the cyclic subspace of X
generated by x. (Here ‘cl’ denotes closure in norm in X .) It is familiar that X(x)
is representable as a Banach lattice where the cone X(x)+ = cl(C(K)+x) and x is
a quasi-interior point of X(x)+ [20, V.3], [23], [1, 4.6, p. 22]. (Here C(K)+denotes
the non-negative continuous functions on C(K).) Note thatm is contractive implies
that ‖ax‖ ≤ ‖bx‖ whenever |a| ≤ |b| for some a, b ∈ C(K) and for any x ∈ X . This
in turn induces a Banach lattice norm on a cyclic subspace X(x) without the need
to pass to an equivalent norm. More generally by X(x1, x2, . . . , xn) we denote the
closed submodule of X generated by the subset {x1, x2, . . . , xn}. If for such a subset
we have X = X(x1, x2, . . . , xn), we will say that X is finitely generated. It is a
well known result of Lozanovsky [13], [20], [14, 2.4.15, p. 94] that a Banach lattice is
reflexive if and only if it does not contain a copy of either l1 or c0.We say a Banach
space X contains a copy of a Banach space Y, if there is a subspace of X that is
isomorphic to Y. In this paper our purpose is to extend the result of Lozanovsky
to finitely generated Banach C(K)-modules. Namely, a finitely generated Banach
C(K)-module X is reflexive if and only if X does not contain a copy of either l1 or
c0.
Concerning the reflexivity of Banach lattices, there is a result due to Lotz [12],
[20],[14, 2.4.15, p. 94] that in one direction is stronger than the Theorem of
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Lozanovsky. Namely, Lotz showed that a Banach lattice is reflexive if and only
if it does not contain a copy of either l1 or c0 as a sublattice. That is, no sublattice
of the Banach lattice is lattice isomorphic to l1 or c0. In the proof of Theorem 1 we
will use the Theorem of Lotz as well.
Theorem 1. Let X be a finitely generated Banach C(K)-module. Then the fol-
lowing are equivalent:
(1) X is reflexive,
(2) X does not contain a copy of either l1 or c0,
(3) X ′ does not contain a copy of l1.
(4) Each cyclic subspace of X does not contain a copy of either l1 or c0,
(5) Each cyclic subspace of X is reflexive.
Since one may regard any Banach space as a Banach module over C (or R), the
well known example, the James Space [9], [10, 1.d.2, p. 25], [14, 5.17, p. 325], or
its variants show that in general we cannot drop the condition that the module is
finitely generated.
2. Preliminaries
Initially we will recall some information concerning Banach C(K)-modules that
we need. Suppose that the compact Hausdorff space K is Stonian in the sense
that the closure of an open set in K is open (i.e., clopen). Then the characteristic
functions of the clopen sets (i.e., the idempotents in C(K)) form a complete Boolean
algebra of projections B on X and the closed linear span of B in L(X) is equal to
m(C(K)). A stronger condition is to require that B is a Bade complete Boolean
algebra of projections onX in the sense that in addition to being a complete Boolean
algebra, B has the property that whenever {χα : α ∈ Γ} is an increasing net of
idempotents in B with least upper bound χ ∈ B and x ∈ X, then χαx converges to
χx in X [2], [6, XVII.3.4, p. 2197 ], [20, V.3, p. 315]. This is equivalent to that K
is hyperstonian (i.e., C(K) is a dual Banach space) and that the homomorphism m
is continuous with respect to the weak*-topology on C(K) and the weak operator
topology on L(X) [15, Theorem 1]. It also implies that m(C(K)) is closed in the
weak operator topology in L(X) [6, XVII.3.17, p. 2213]. In such a case each cyclic
subspace X(x), as a Banach lattice, has order continuous norm [20, V.3.6, p. 318],
[23] and its ideal center Z(X(x)) is given by m(C(K))|X(x) [1, 6.2.3, p. 35], [17,
Theorem 1], that is, each operator in m(C(K)) is restricted to the subspace X(x).
For a general Banach C(K)-module X, the weak operator closure of m(C(K))
in L(X) is given by the range of a map m̂ : C(K̂) → L(X) where K̂ is a compact
Hausdorff space that contains K as a quotient and m̂ is a contractive, unital and
one-to-one algebra homomorphism that extends m [1, 6.3, p. 35], [8, Corollary 8].
The closed submodules of X are the same with respect to either module structure
therefore we may assume that m(C(K)) is weak operator closed without any loss of
generality. The weak operator closure of m(C(K)) is generated by a Bade complete
Boolean algebra of projections if and only if m(C(K)) has weakly compact action
on X in the sense that the mapping C(K)→ X defined by a→ ax for all a ∈ C(K)
for a fixed x ∈ X is a weakly compact linear map for each x ∈ X [15, Theorem
3]. For example if X does not contain any copy of c0, then m(C(K)) has weakly
compact action on X [18]. In general even when m(C(K)) is weak operator closed
in L(X), when restricted to a closed submodule Y, m(C(K))|Y need not be weak
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operator closed in L(Y ). An exception is when the weak operator closed algebra
m(C(K)) is generated by a Bade complete Boolean algebra of projections on X. In
this case both m(C(K))|Y and m(C(K))|X/Y are generated by a Bade complete
Boolean algebra of projections.
Lemma 1. Suppose that X is a Banach C(K)-module such that m(C(K)) is gen-
erated by a Bade complete Boolean algebra of projections on X. Let Y be a closed
submodule of X. Then, when restricted to either Y or X/Y , m(C(K)) is generated
by a Bade complete Boolean algebra of projections.
Proof. Since m(C(K)) is generated by a Bade complete Boolean algebra of projec-
tions on X, we have that K is hyperstonian. The Boolean algebra of the idempo-
tents B in C(K) is the Bade complete Boolean algebra of projections that generates
m(C(K)). That is whenever {χα : α ∈ Γ} is an increasing set of idempotents in
B with least upper bound χ ∈ B and x ∈ X, then χαx converges to χx in X. In
general m will not be one-to-one when restricted to Y or X/Y. However that m
is weak* to weak-operator continuous implies that the kernel of m in both cases
will be a weak*-closed ideal in C(K). Here we will give the proof of the lemma in
the case of X/Y . In the case of Y , a proof is given in [6, XVII.11, p. 2204 and
XVII.23 p. 2215], but a proof similar to the one below is also possible. Let {aα}
be a net in C(K) that converges to a ∈ C(K) in the weak*-topology. Then m is
weak* to weak-operator continuous implies that {aαx} converges to ax weakly for
each x ∈ X . Suppose that {aα} is in the kernel of m when restricted to X/Y. Then
aαx ∈ Y for all x ∈ X and for all α in the index set. Since Y is weakly closed,
we have ax ∈ Y. So the kernel of m is a weak*-closed ideal and therefore a weak*-
closed band in C(K). That is there exists an idempotent pi ∈ C(K) such that m is
one-to-one on piC(K) and the kernel of m is (1− pi)C(K). Clearly piC(K) = C(S)
for some clopen subset S of K and furthermore, since pi is a weak*-continuous
band projection on C(K), C(S) is also a dual Banach space. For any x ∈ X, let
[x] = x+ Y in X/Y . Then for the increasing net of idempotents above we have
||(χ− χα)[x]|| ≤ ||(χ− χα)x||
where the right hand side of the inequality goes to 0 in X. Hence piB is a Bade
complete Boolean algebra of projections on X/Y. 
We also need some lemmas concerning Banach spaces.
Lemma 2. Let X be a Banach space and Y be a reflexive subspace of X. For any
x ∈ X, let [x] = x+ Y in X/Y .
(1) For any x ∈ X there is y ∈ Y such that ||[x]|| = ||x+ y||.
(2) If ||[x]|| ≤ C for some x ∈ X, then G = {y ∈ Y : ||x + y|| ≤ C} is a
non-empty, convex and weakly compact subset of Y.
Proof. Let x ∈ X \ Y and n be a positive integer. There is yn ∈ Y such that
||x+ yn|| < ||[x]||+
1
n . Then ||yn|| < 2||x||+
1
n for each n = 1, 2 . . . . That is {yn} is
a bounded sequence in the reflexive space Y. Therefore it has a weakly convergent
subsequence. Without loss of generality assume that {yn} converges weakly to some
y ∈ Y. Let f ∈ X ′ with ||f || = 1. Given any ε > 0, we have
|f(x+ y)− f(x+ yn)| = |f(y − yn)| < ε
4 ARKADY KITOVER AND MEHMET ORHON
for sufficiently large n. Hence, for sufficiently large n,
|f(x+ y)| < ||x+ yn||+ ε < ||[x]||+ ε+
1
n
.
Therefore ||x + y|| ≤ ||[x]|| + ε for all ε > 0. Then ||x + y|| = ||[x]|| and ||y|| ≤
||x||+C. From this it follows that G is non-empty, bounded, and closed. It is easy
to check that G is convex. Since Y is reflexive G is weakly compact. 
Lemma 3. Let X be a Banach space such that its dual X ′ does not contain any
copy of l1. Then X does not contain any copy of either l1 or c0.
Proof. The proof depends on two well known main results of this topic. A result of
Bessaga and Pelczynski states that if X ′ contains a copy of c0 then X contains a
complemented copy of l1 [4],[10, 2.e.8, p. 103]. Since we assume that X ′ does not
contain any copy of l1, X ′′ does not contain any copy of c0. Then, as a subspace
of X ′′, X does not contain any copy of c0. On the other hand, a result of Hagler
states that X contains a copy of l1 if and only if X ′ contains a copy of L1[0, 1] [7].
Since L1[0, 1] contains copies of l1, our assumption on X ′ implies that X ′ does not
contain any copy of L1[0, 1] and therefore X does not contain any copy of l1. 
In the proofs of Theorem 1 and Theorem 2 we will use ultranets. We will briefly
review the definition of an ultranet and some basic facts that we will use concerning
ultranets. A net {xλ} in a set F is called an ultranet if for each subset G of F ,
{xλ} is either eventually in G or eventually in FG [24, 11.10, p. 76]. If {xλ} is an
ultranet and f : F → H is a function then {f(xλ)} is an ultranet in H [24, 11.11,
p. 76]. Every net has a subnet that is an ultranet and every subnet of an ultranet
is an ultranet [24, 11B, p. 77]. Finally, every ultranet in a compact Hausdorff space
converges [24, 17.4, p.118].
3. Proof of the main result
We are now ready to give a proof of Theorem 1.
Proof. When X is reflexive then X ′ is reflexive and therefore X ′ can not contain
any copy of l1. That is (1) implies (3). Lemma 3 yields that (3) implies (2). It is
clear that (2) implies (4). Also, since for each x ∈ X the cyclic subspace X(x)
may be represented as a Banach lattice, Lozanovsky’s Theorem implies that (4) if
and only if (5). Hence the proof will be complete if we show (4) implies (1).
Initially observe that by (4) each cyclic subspace of X does not contain any copy
of c0. Then, as noted in Section 2, m(C(K)) restricted to the cyclic subspace has its
weak operator closure generated by a Bade complete Boolean algebra of projections.
Hence for each x ∈ X , the map m(C(K)) −→ X defined by a → ax is a weakly
compact operator. Therefore, if we assume without loss of generality thatm(C(X))
is weak operator closed in L(X), then, again as noted in Section 2, we have that
m(C(K)) is generated by a Bade complete Boolean algebra of projections. This
means that K is hyperstonian and the idempotents in C(K) (which correspond to
the characteristic functions of the clopen subsets of K ) form the Bade complete
Boolean algebra of projections that generate m(C(K)) on X.
Now we prove (4) implies (1) by induction on the number of generators of X.
Suppose X is generated by one element x0 ∈ X . Then the cyclic space X = X(x0)
may be represented as a Banach lattice. Hence, (4) and Lozanovsky’s Theorem
imply that X is reflexive. Now suppose that whenever a finitely generated Banach
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C(K)-module has r ≥ 1 generators and satisfies (4) then it is reflexive. SupposeX is
a Banach C(K)-module with r+1 generators and satisfies (4). Let {x0, x1, . . . , xr}
be a set of generators of X. Let Y be the closed submodule of X generated by
{x1, x2 . . . , xr}. Then Y satisfies (4) and therefore Y is reflexive by the induction
hypothesis. Since we have that m(C(K)) is generated by a Bade complete Boolean
algebra of projections on X , Lemma 1 implies that the same is true for the quo-
tient X/Y. Note that since X/Y is a cyclic space generated by [x0], it may be
represented as a Banach lattice such that [x0] is a quasi-interior point and the ideal
center Z(X/Y ) = m(C(K))|X/Y . That m(C(K)) is generated by a Bade complete
Boolean algebra of projections on X/Y implies that as a Banach lattice X/Y has
order continuous norm. This means in particular that each band in X/Y is the
range of a band projection. Suppose the Banach lattice X/Y is not reflexive then,
by Lotz’s Theorem , X/Y must contain a copy of either l1 or c0 as a sublattice [12].
First, assume that there is a sublattice of X/Y that is lattice isomorphic to l1.
Let {en} be a sequence in X such that {[en]} corresponds to the basic sequence
of l1 in the sublattice of X/Y that is lattice isomorphic to l1. That is {[en]} is a
pairwise disjoint positive sequence in X/Y such that for some 0 < d < D we have
for each (ξn) ∈ l
1
d
∑
|ξn| ≤ ‖
∑
ξn[en]‖ ≤ D
∑
|ξn|.
Here
∑
ξn[en] represents the limit of the Cauchy sequence given by the partial
sums of the series in X/Y. Let χn ∈ C(K) be the band projection onto the band
generated by [en] in X/Y . Since the elements of the sequence {[en]} are disjoint
in X/Y , the elements of the sequence of band projections {χn} are also disjoint as
idempotents in C(K). Since [en] = χn[en] = [χnen], without loss of generality, we
assume that en = χnen for each n. Furthermore again without loss of generality
we may assume that for some ε > 0 and for each n, we have ‖en‖ ≤ D(1+ ε) in X .
Now we have for each (ξn) ∈ l
1 and positive integer N ,
d
∑N
n=1|ξn| ≤ ‖
∑N
n=1ξn[en]‖ ≤ ‖
∑N
n=1ξnen‖ ≤
∑N
n=1|ξn|‖en‖ ≤ D(1 + ε)
∑
|ξn|.
By passing to the limit, we have
d
∑
|ξn| ≤ ‖
∑
ξnen‖ ≤ D(1 + ε)
∑
|ξn|
where
∑
ξnen is now the limit of the Cauchy sequence given by the partial sums of
the series in X. Hence X has a subspace that is isomorphic to l1. Let y =
∑
1
2n en.
Then χny =
1
2n en for each n. That is, the subspace of X that is isomorphic to l
1
is contained in the cyclic subspace X(y) of X. This contradicts (4) and thus X/Y
does not contain a copy of l1 as a sublattice.
It follows that if the Banach lattice X/Y is not reflexive, it must contain a copy
of c0 as a sublattice. Let {en} be a sequence in X such that {[en]} corresponds to
the basic sequence of c0 in the sublattice of X/Y that is lattice isomorphic to c0.
Let χn ∈ C(K) be the band projection onto the band generated by [en] in X/Y .
Since the elements of the sequence {[en]} are disjoint in X/Y , the elements of the
sequence of band projections {χn} are also disjoint as idempotents in C(K). Since
[en] = χn[en] = [χnen], without loss of generality, we assume that en = χnen for
each n. We will assume that 0 < d < D are the constants that give the lattice
isomorphism of c0 into X/Y . That is
d(sup |ξn|) ≤ ||
∑
ξn[en]|| ≤ D(sup |ξn|)
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when (ξn) ∈ c0 where
∑
ξn[en] denotes the limit of the Cauchy sequence given
by the partial sums of the series in X/Y . Let zn = e1 + e2 . . . + en and ζn =
χ1+χ2+ . . .+χn for each n = 1, 2, . . .. Let Gn = {y ∈ Y : ||zn+ y|| ≤ D} for each
n. By Lemma 2, Gn is a non-empty, convex and weakly compact subset of Y. Let
Hn = ζnGn. Clearly, when n ≥ m, ζmzn = zm. Then, for each y ∈ Gn,
||zn + ζny|| = ||ζn(zn + y)|| ≤ ||zn + y|| ≤ D.
It follows that, for each n, Hn ⊂ Gn and that Hn is itself a non-empty, convex
and weakly compact subset of Y. We choose a sequence {yi} in Y with yi ∈ Hi.
It follows from above that for each n, the sequence {ζnyi}
∞
i≥n is in Hn. Namely, if
i ≥ n then
||zn + ζnyi|| = ||ζn(zi + yi)|| ≤ ||zi + yi|| ≤ D.
Now let {iα}α∈Γ be an ultranet that is a subnet of the sequence of positive integers
{i} and for each n let Γn = {α ∈ Γ : iα ≥ n}. Then {ζnyiα}α∈Γn is an ultranet
that is a subnet of the sequence {ζnyi}
∞
i≥n in Hn. Since Hn is weakly compact, the
ultranet {ζnyiα}α∈Γn converges weakly to some wn ∈ Hn. Since for any positive
integers with n≥ m, we have Γn ⊂ Γm it follows from the definition of the sequences
that ζmwn = wm whenever n ≥ m. In particular, since ζn−1wn = wn−1, we have
wn = χnwn + wn−1 for all n ≥ 2. Hence, by induction, we have that wn = χ1w1 +
χ2w2 . . .+ χnwn for all positive integers n. Define a sequence {un} in X such that
un = en + χnwn for each n. Clearly
d ≤ ||[en]|| ≤ ||un||
for each n. Also, since u1 + u2 . . .+ un = zn + wn we have
‖un‖ ≤ ||u1 + u2 . . .+ un|| = ||zn + wn|| ≤ D
for each n. Then it follows that the closed subspace spanned by {un} in X is
lattice isomorphic to c0. To see this, let u =
∑∞
n=1
un
2n in X and consider the cyclic
subspace X(u) of X. We have that X(u) is a Banach lattice with quasi-interior
point u and ideal center Z(X(u)) = m(C(K))|X(u). Since χnu =
un
2n for each n,
{un} is a pairwise disjoint positive sequence in the Banach lattice X(u). Then the
closed sublattice of X(u) generated by {un} is lattice isomorphic to c0 , this follows
directly from the Z(X(u)) module structure of X(u), but also it follows by [14,
2.3.10, p. 82]. This contradicts the assumption (4). Hence, the Banach lattice
X/Y cannot contain a copy of c0 as a sublattice, as well as not containing a copy
of l1 as a sublattice. Then Lotz’s refinement of Lozanovsky’s Theorem implies that
X/Y is reflexive. Since by induction hypothesis Y is reflexive, we have that X is
also reflexive. The reader will observe that this is the familiar three space property
of reflexivity. Therefore (4) implies (1). 
One of the questions naturally connected with the statement of Theorem 1 is
the following one. Can we substitute condition (5) of this theorem with a weaker
condition that for some set {z1, . . . , zn} of generators of the C(K)-module X the
cyclic subspaces X(zi), i = 1, . . . , n are reflexive? The two examples below show
that the answer to this question in general is negative.
Example 1. Let E = L2(0, 1)⊕L1(0, 1)⊕L1(0, 1) be an L∞(0, 1)-module with the
norm ‖(f, g, h)‖ = ‖f‖2+ ‖g‖1+ ‖h‖1 for all f ∈ L
2(0, 1) and g, h ∈ L1(0, 1). The
module structure is carried over coordinatewise from the usual L∞(0, 1)-module
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structures of L2(0, 1) and L1(0, 1) that are given by almost everywhere pointwise
multiplication.
Let X = {(f, g, h) ∈ E : f + g+h = 0}. Then X is a closed submodule of E that
has two generators. It is easy to see for example that {(−1, 1, 0), (1, 0,−1)} gener-
ates X where 1 is the identity in L∞(0, 1). Then X((1,−1, 0)) and X((1, 0,−1))
are both isomorphic to L2(0, 1). Thus the cyclic subspace generated by either of
these vectors is reflexive.
But X itself is not reflexive. Indeed (0, 1,−1) ∈ X and X((0, 1,−1)) is isomor-
phic to L1(0, 1) and hence is not reflexive. Moreover, if we use the set of generators
{(1, 0,−1), (0, 1,−1)}, it is straightforward to see that X is isomorphic (but not iso-
metric) to L2(0, 1)⊕ L1(0, 1).
Now we will provide an even simpler example of a nonreflexive Banach C(K)-
module X which is the direct sum of two cyclic subspaces but also has two gener-
ators such that the corresponding cyclic subspaces are reflexive.
Example 2. Let X = c0 ⊕ l
2 be a Banach l∞-module with the norm ‖(x, y)‖ =
‖x‖∞+ ‖y‖2, for all x ∈ c0 and y ∈ l
2. Like in Example 1 the l∞-module structure
is carried over coordinatewise from the module structure of c0 and l
2. It is straight-
forward to observe that if xn = 1/n, n ∈ N then x ∈ c0 ∩ l
2 and the vectors (x, x)
and (0, x) generate X. Moreover, X((x, x)) is isomorphic to l2 and X((0, x)) = l2.
Hence once again X is not reflexive but has a pair of generators such that each of
them generates a reflexive cyclic subspace.
4. Boolean algebras of projections of finite multiplicity
In this section we will consider extending the conclusions of Theorem 1 to the
case where the Banach C(K)-module may be infinitely generated while staying
close to being finitely generated. Let X be a Banach C(K)-module where K is
hyperstonian and the homomorphism m is weak* to weak-operator continuous.
That is, as discussed in Section 2, B (the set of idempotents in m(C(K))) is a
Bade complete Boolean algebra of projections on X . Throughout this section we
will assume that X is a Banach space and B is a Bade complete Boolean algebra
of projections on X . Then B is said to be of uniform multiplicity n if there exists
a disjoint family of projections {χα} in B such that for each projection χ ∈ B with
χχα = χ one has χX is generated by a minimum of n elements in χX , and also
supχα = 1 in B [3], [6, XVIII.3.1, p. 2264 and XVIII.3.6, p. 2267].
If B is of uniform multiplicity one then it was shown by Rall [19], that X is
represented as a Banach lattice with order continuous norm and its ideal center is
m(C(K)) (for a proof, see [16, Lemma 2]). The only difference from the cyclic case
is that instead of a quasi-interior element one has a topological orthogonal system
[20, III.5.1, p. 169]. (For example consider l2(Γ) when Γ is an uncountable discrete
set.) To prove our next result, Corollary 1 , we need the following lemma.
Lemma 4. Let X be a Banach space and let B be a Bade complete Boolean algebra
of projections on X that is of uniform multiplicity one. Then X is reflexive if and
only if no cyclic subspace of X contains a copy of either l1 or c0.
Proof. It is necessary to prove only one direction. Namely, suppose X has no
cyclic subspace that contains a copy of either l1 or c0. By Rall’s Theorem, X is
represented as a Banach lattice with order continuous norm and B corresponds
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to the Boolean algebra of band projections of the Banach lattice X . Since B is
of uniform multiplicity one on X , it is well known that, for each x ∈ X , there
exists ex ∈ B such that X(x) = exX (e.g., [6, XVIII.3.6, p. 2267]). Thus X(x)
is the band generated by x in X . Suppose X is not reflexive. Then by Lotz’s
Theorem there exists a sublattice of X that is lattice isomorphic either to l1 or c0.
Let {un} be the norm bounded sequence of pairwise disjoint elements of X that
corresponds to the basic sequence of either l1 or c0 under this lattice isomorphism.
Let u =
∑ un
2n ∈ X . Let en be the band projection onto the band generated by
un in X . Since the elements un are disjoint, enu =
un
2n for each n. Therefore
the sublattice of X generated by {un} is contained in X(u). This contradicts the
assumption that no cyclic subspace of X contains a copy of either l1 or c0. 
Remark 1. The special case of Lemma 4 when X is cyclic was obtained by Tzafriri
in [22].
Then the methods of Theorem 1 yield the following corollary.
Corollary 1. Let X be a Banach space and let B be a Bade complete Boolean
algebra of projections on X that is of uniform multiplicity n. Then the conditions
(1)-(5) of Theorem 1 are equivalent.
Proof. The part of the proof up to (4) implies (1) is as in the proof of Theorem 1
and is clear. In the proof of (4) implies (1), Lemma 4 shows the case n = 1 is true.
The rest of the proof follows by induction on n just as in the proof of Theorem
1. 
We say B is of finite multiplicity on X if there exists a disjoint family of pro-
jections {χα} in B such that χαX is generated by a minimum of nα elements in
χαX and supχα = 1 in B. Then it follows by a result of Bade that there exists a
sequence {en} of disjoint projections in B such that enB is of uniform multiplicity
n on enX and sup en = 1 [6, XVIII.3.8, p. 2267]. In such a case it is clear that
X = cl(span{enX : n = 1, 2, . . .}).
In the proof of Theorem 2 we will need some additional properties of the spaces
involved that we have not used so far. In the discussion that follows we will intro-
duce these.
Given a Banach C(K)-moduleX , its dualX ′ has a natural Banach C(K)-module
structure induced by the module structure ofX . Letm′ : C(K)→ L(X ′) be defined
by m′(a) = (m(a))′ (here the right hand side of the equality denotes the adjoint
of m(a) in L(X ′)), for each a ∈ C(K). It is clear that m′ is a contractive unital
algebra homomorphism. When m is one-to-one, m′ is also one-to-one. Furthermore
to distinguish between the module action of C(K) on X ′ and on X , we will define
a′f := m′(a)(f) for each a ∈ C(K) and f ∈ X ′. Then
a′f(x) = f(ax)
for all a ∈ C(K), x ∈ X , and f ∈ X ′. In particular for an idempotent χ ∈ B ⊂
C(K), we have
χ′f(x) = χ′f(χx) = f(χx)
for all x ∈ X, and f ∈ X ′.
In this section we assumed that B is a Bade complete Boolean algebra of pro-
jections on X . Therefore K is hyperstoinian. So in particular K is a Stonian
compact Hausdorff space. Let U be a dense open subset of K and let f : U → C
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be a complex-valued, bounded continuous function. Then f has a unique extension
f˜ ∈ C(K) such that ‖f˜‖ = sup
t∈U
|f(t)| [24, 15G, p. 106]. Suppose {ζn} is a pairwise
disjoint sequence of idempotents in B such that sup ζn = 1. Then we can embed
l∞ into C(K) by means of an isometric unital algebra homomorphism. To see this
let U = {t ∈ K : ζn(t) = 1 for some n}. Then U is an open dense subset of K.
Suppose (an) ∈ l
∞ and define f : U → C by
f(t) = an
whenever ζn(t) = 1 for some t ∈ U . Clearly f is a bounded continuous function.
We will denote its unique extension in C(K) by
∑
anζn. It is clear that ‖
∑
anζn‖ =
‖(an)‖∞ and the map (an)→
∑
anζn gives the embedding of l
∞ in C(K) with the
required properties.
Finally we recall that a Banach lattice X is called a KB-space, if any norm
bounded increasing non-negative sequence in X has a least upper bound and the
sequence converges to its least upper bound in norm. It is well known that X is a
KB-space if and only if no sublattice of X is a copy of c0 [14, 2.4.12, p. 92], [20,
II.5.15, p. 95]. It is evident from Lozanovsky’s Theorem that a reflexive Banach
lattice is a KB-space.
Theorem 2. Let X be a Banach space and let B be a Bade complete Boolean
algebra of projections on X that is of finite multiplicity. Then the conditions (1)-
(5) of Theorem 1 are equivalent.
Proof. Once again, (1) implies (3), (3) implies (2), (2) implies (4), and (4) if and
only if (5) are clear. We need to show (4) implies (1). Suppose there exists a
positive integer n such that em = 0 for all m > n. Then, by the Corollary 1, X is
the direct sum of a finite collection of reflexive Banach spaces. Hence X is reflexive.
Therefore, without loss of generality, assume that en 6= 0 for all n. Note that , by
(4) and the Corollary 1, we have that the subspace enX is reflexive for each n. We
need to show that this extends to X . For each n, let χn = e1 + e2 + . . .+ en ∈ B.
It is clear that χnX is also reflexive.
Initially motivated by an idea of James [9, Lemma 2], we will prove the following:
(*) Suppose that each cyclic subspace of X does not contain any copy of l1, then
‖ f − χ′nf ‖→ 0 for all f ∈ X
′.
For some f ∈ X ′ with ‖f‖ = 1, suppose that (*) is false. Since {χnx} converges
to x in norm for all x ∈ X , we have {χ′nf} converges to f in the weak*-topology
in X ′. Therefore that {χ′nf} does not converge to f in norm implies that {χ
′
nf}
does not converge in norm in X ′. That is, {χ′nf} is not a Cauchy sequence. Hence
there exists an ε > 0 and a subsequence {χk(n)} such that
‖χ′k(n+1)f − χ
′
k(n)f‖ ≥ ε
for all n and supχk(n) = 1. We define a disjoint sequence of idempotents {ζn} in
B with sup ζn = 1 such that (i) ζ1 = χk(2), (ii) ζn = χk(n+1) − χk(n) for n ≥ 2,
and (iii) ‖ζ′nf‖ ≥ ε for all n. This implies that X
′ contains a copy of l∞. In fact if
(αn) ∈ l
∞, then, as defined above,
∑
αnζn ∈ C(K). Hence
ε|αk| ≤ ‖αkζ
′
kf‖ = ‖ζ
′
k(
∑
αnζn)
′f‖ ≤ ‖(
∑
αnζn)
′f‖
for each k and
ε‖(αn)‖∞ ≤ ‖(
∑
αnζn)
′f‖ ≤ ‖(αn)‖∞
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for all (αn) ∈ l
∞. Clearly {ζ′nf} corresponds to the standard basis of c0 and f
corresponds to the unit of l∞. Now in a standard manner one can show that X
contains a copy of l1. Namely, for each n, we use (iii) to find xn ∈ ζnX such that
‖xn‖ = 1 and f(xn) = ζ
′
nf(xn) >
ε
2 . Given any (ξn) ∈ l
1, consider ξn = |ξn|e
iθn
for some θn ∈ [0, 2pi), for all n. Then (e
−iθn) ∈ l∞ implies
∑
e−iθnζn ∈ C(K) and
(
∑
e−iθkζk)ξnxn = |ξn|xn in X for each n. Hence
(
∑
e−iθkζk)(
∑
ξnxn) =
∑
|ξn|xn
and
‖(
∑
e−iθkζk)(
∑
ξnxn)‖ ≤ ‖
∑
ξnxn‖
in X . Here
∑
ξnxn, as before, denotes the limit of the partial sums of the series in
X . When we apply f to both sides of the above equality, we have
ε
2
‖(ξn)‖1 ≤
∑
|ξn|f(xn) = f((
∑
e−iθkζk)(
∑
ξnxn)) ≤ ‖
∑
ξnxn‖ ≤ ‖(ξn)‖1.
Let y =
∑xn
2n ∈ X . Then ζny =
xn
2n for each n. Hence the subspace of X that is
a copy of l1 is contained in the cyclic subpace X(y). But this is a contradiction.
Therefore (*) is proved.
Now assume that {xλ} is an ultranet in the unit ball of X . Then {enxλ} is
an ultranet in the weakly compact unit ball of the reflexive space enX . Therefore
{enxλ} converges weakly to some yn in the unit ball of enX . Let u =
∑yn
2n and let
Y = X(u). Then Y may be represented as a Banach lattice with the quasi-interior
point u. Then (4) and Lozanovsky’s Theorem imply that Y is a reflexive Banach
lattice. Therefore Y is a KB-space (see the discussion preceeding the statement of
the theorem). Let zn = y1 + y2 . . . + yn ∈ χnX , for each n. Then the ultranet
{χnxλ} converges weakly to zn. Then zn must be in the unit ball of χnX since
{χnxλ} is in the unit ball of χnX . But this means that {zn} is a positive, increasing
sequence in the unit ball of the KB-space Y , since enu =
yn
2n for each n, implies that
{yn} is a positive sequence in Y . Therefore there exists z ∈ Y such that z = sup zn
and {zn} converges to z in norm in the unit ball of Y . Hence, given ε > 0, we have
‖z − zn‖ <
ε
4
for sufficiently large n. Also for any f ∈ X ′ with ‖f‖ = 1, by (*), we have
‖f − χ′nf‖ <
ε
4
for sufficiently large n. Consider
f(xλ − z) = (f − χ
′
nf)(xλ − z) + χ
′
nf(zn − z) + χ
′
nf (xλ − zn)
for all λ and for all n. Then for some fixed n that is sufficiently large, we have
|f(xλ − z)| <
ε
2
+
ε
4
+ |χ′nf(χnxλ − zn)|
for all λ. Since {χnxλ} converges weakly to zn in χnX , it follows that the ultranet
{xλ} converges to z weakly in the unit ball of X . But any net in X has a subnet
that is an ultranet. That is we have proved that any net in the unit ball of X has
a weakly convergent subnet with limit point in the unit ball. Hence, the unit ball
of X is weakly compact and X is reflexive. 
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Dieudonne´ [5] constructed the famous example of a Banach space X and a Bade
complete Boolean algebra of projections B on X that is of uniform multiplicity 2
and has the following property (D): for any x, y ∈ X and any e ∈ B\{0}, eX is not
equal (or even isomorphic) to the sum of the cyclic subspaces eX(x) and eX(y).
The space X in Dieudonne´’s example is not reflexive but a minor modification of
his example outlined in Example 3 below provides a reflexive space with similar
properties.
Example 3. (Dieudonne´) Let the interval [0, γ] and the functions ωi, i = 1, 2, 3, be
as constructed in [5, Section 6]. Let f be a Lebesgue measurable function on [0, γ].
As usual we denote the equimeasurable decreasing rearrangement of |f | as |f |⋆. Let
L(0, γ) be the space of equivalence classes of almost everywhere finite measurable
functions on [0, γ]. It is familiar that L(0, γ) is a Dedekind complete vector lattice
and has 1, the unit of L∞(0, γ), as a weak order unit. As such multiplication by
the functions in L∞(0, γ) induces on L(0, γ) a module structure. Furthermore any
(order) ideal in L(0, γ) inherits the same module structure. In fact a subspace of
L(0, γ) is an ideal if and only if it is an L∞(0, γ)-submodule of L(0, γ). Consider
the Lorentz spaces
L2ωi = {f ∈ L(0, γ) :
γ∫
0
(|f |⋆)2ωidx <∞}, i = 1, 2, 3
with the norm Ni(f) =
( γ∫
0
(|f |⋆)2ωidx
)1/2
.
The spaces L2ωi , i = 1, 2, 3, are ideals in L(0, γ) and are reflexive (see [11])
Banach lattices with the ideal center Z(L2ωi) = L
∞(0, γ), i = 1, 2, 3. Dieudonne´’s
construction in [5] shows that ωiωj ∈ L
1(0, γ) if and only if i 6= j, (i, j = 1, 2, 3).
Moreover, ω
1/2
i ∈ L
2
ωj if and only if i 6= j, (i, j = 1, 2, 3). Consider the Banach
L∞(0, γ)-module E = L2ω1⊕L
2
ω2⊕L
2
ω3 endowed with the norm N(f, g, h) = N1(f)+
N2(g) +N3(h). Let X = {(f, g, h) ∈ E : f + g + h = 0} and let B be the Boolean
algebra of all the idempotents in L∞(0, γ). Then the proof given by Dieudonne´
in [5] shows that B is a Bade complete Boolean algebra of projections on X that is
of uniform multiplicity 2 with the property D.
Remark 2. In his study of multiplicity of Boolean algebras of projections, motivated
by Dieudonne´’s Example, Tzafriri (see [21]) gave the following formal definition of
property D. Suppose X is a Banach space and B is a Bade complete Boolean algebra
of projections on X of uniform multiplicity n.
B has property D : for any xi ∈ X(i = 1, . . . , n), any e ∈ B \ {0}, and any
p, 1 ≤ p < n, eX is not equal to the sum of eX(x1, . . . , xp) and eX(xp+1, . . . , xn).
Tzafriri showed in [21] that B has property D on X if and only if any bounded
projection on X that commutes with B is itself in B.
In connection with Example 3 one can consider the following question.
Problem 1. When is it possible to embed a reflexive (in particular, finitely gener-
ated) Banach C(K)-module into a reflexive Banach lattice as a closed subspace?
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